The advance of perihelion, in particular for Mercury, is regarded as a classical test of general relativity, but a number of other (in some cases much larger) contributions to this phenomenon are seldom discussed in detail in textbooks. This paper presents a unified framework for evaluating the advance of perihelion due to (a) general relativity, (b) the solar quadrupole moment, and (c) planetary perturbations, the last in a ring model where the mass of each perturbing planet is "smeared out" into a coplanar circular orbit. The exact solution of the ring model agrees to within 4% with the usually quoted figure. Time-dependent contributions beyond the ring model contain some surprising features: they are not small, and some with long periods could mimic a secular advance.
I. INTRODUCTION
This paper is concerned with the advance of perihelion of a planet, say Mercury. General relativity (GR) famously predicts a rate of advance X % 43 arcsec per century-in agreement with observations-as cited in elementary textbooks [1] [2] [3] [4] and popular accounts, [5] [6] [7] [8] [9] [10] [11] [12] and as derived in GR texts. [13] [14] [15] [16] [17] [18] [19] The best current value 20 for the GR effect is 42:9860:04 arcsec/century. However, the so-called "observed" value actually refers to the remaining discrepancy after other contributions are subtracted, a point not always made explicit. 1 Apart from non-inertial effects 13, 14, 17 of %5025 arcsec/ century, planetary perturbations 13, 14, 17 amount to %532 arcsec/century, but are seldom analyzed in an accessible manner, except for a ring model 21, 22 to which reference will be made below. This article fills the pedagogical gap by developing a unified and accessible framework that applies to (a) GR, (b) the solar quadrupole moment, 13, 14, 17, [23] [24] [25] and also (c) the ring model of planetary perturbations. Other possibilities are not discussed, such as modifications of the inverse-square law 26 or a hypothetical inner planet (Vulcan). 27 The entire discussion is placed within the context of a small perturbation upon an inverse-square force, excluding situations such as motion near a black hole. 28 The analysis presented here is principally of pedagogical and historical interest. Modern solar system tests of GR 20 would not be restricted to the advance of perihelion, nor would X be expressed as a sum of additive contributions from different causes. Rather, numerical solutions of the N-body system in a parameterized post-Newtonian (PPN) formalism 9, 13, 14, 17, 18 are fitted to data including accurate modern measurements on the moon and on spacecraft. The Mercury data no longer constitute the principal constraints on the PPN parameters.
Section II reviews the Kepler problem, with an attractive central force per unit mass GM=r 2 in standard notation, leading to elliptic orbits with r À1 u ¼ r À1 ð1 þ e cos /Þ;
where / is the heliocentric longitude in the orbital plane (x-axis along the perihelion), e > 0 is the eccentricity, and r is the semi-latus rectum, related to the semi-major axis a by r ¼ að1 À e 2 Þ. The orbit in Eq. (1) is closed, so that X ¼ 0. The mass of the planet relative to the Sun is ignored throughout, so that the Sun is regarded as stationary.
All three contributions to the advance of perihelion involve an additional attractive radial force per unit mass in the orbital plane of the form
where k is a formal small parameter and kf is dimensionless. Section II shows that such a perturbation leads to an advance that can be calculated exactly, and the leading term alone
with f 1 ¼ r À1 ðdf =duÞ, provides a good estimate in practice [ðe=2Þ 2 % 0:01 for Mercury], and is exact for both GR and the quadrupole moment. This approximate result, in essentially this form, is given by several authors 29, 30 and could have been guessed apart from the numerical prefactor-a constant value of f, equivalent to changing the solar mass M, does not cause an advance of perihelion; for small eccentricities only a small range of r is sampled, so only the firstorder variation of f(r) enters the final result.
The general formalism is applied to GR (Sec. III), the quadrupole moment (Sec. IV), and the ring model of planetary perturbations (Sec. V), thus giving a unified account of all three effects. Time-dependent contributions beyond the ring model (Sec. VI) contain some surprises: nearly resonant perturbations lead to long-period oscillations that could mimic a secular advance, with substantial amplitudes even when averaged over fairly long time windows. The amplitudes are large because the time-dependent effects contain dominant terms that cancel in the ring model. Some concluding remarks are given in Sec. VII.
II. GENERAL FORMALISM

A. Kepler problem
The familiar Kepler problem is first solved to set the stage. The radial equation of motion is, in standard notation
À1 g 1 / sin /. Putting u 0 and u 1 together gives
The next perihelion occurs at ½1 À ðkg 1 =2eÞ/ P ¼ 2p or
so that the perihelion advance per cycle is D/ P ¼ pkg 1 =e, giving a rate of advance
It remains to determine g 1 . Multiply Eq. (8) by cos / and integrate over ½0; 2p; then using
we obtain
where C n m ¼ n!=½m!ðn À mÞ!. Substituting g 1 back into Eq. (12) yields the key result
Several features of Eq. (15) can be understood from general considerations:
• As discussed, only the variation of f(u) around some mean value (described by the coefficients f k , k > 0) would contribute.
• For e ( 1, u has a small excursion around r À1 , so f can be approximated by its linear variation f 1 , and more generally higher coefficients f k are associated with higher powers of e.
• The problem is invariant under e ! Àe, / ! / þ p, so only even powers of e appear.
• The series is rapidly convergent, e.g., ðe=2Þ
2 % 0:01 for Mercury; in fact, we shall see that for both GR and the quadrupole moment, all terms except f 1 are exactly zero.
III. GENERAL RELATIVITY
In GR, the equations of motion are [13] [14] [15] [16] [17] [18] [19] r 2 ðd/=dsÞ ¼ J ¼ constant and
where s is the proper time. But since the physical interpretation of s does not enter the calculation, it can be regarded as t and the formalism in Sec. II can be applied. Comparing with Eq. (6), one has kf ¼ Àð3J 2 =c 2 r 2 Þ; since this expression is quadratic in u, the series (15) has only the first term
For Mercury, kf 1 ¼ 1:60 Â 10 À7 and hence X ¼ ðp=TÞkf 1 ¼ 42:9 arcsec/century, in agreement with the "observed" value. The result is correct to all orders in e, a fact not always emphasized. In fact, some derivations unnecessarily use the approximation e ( 1. 16 
IV. QUADRUPOLE MOMENT
If the Sun is slightly oblate, then the gravitational potential is given by 13, 14, 17 
where r s is the mean radius of the Sun and J 2 is the conventional quadrupole parameter. Estimates of J 2 range from "high" values 25 of order 10 À5 , to "medium" values 34 of order 10 À6 , with more recent consensus converging to "low" values 17, 35 of order 10 À7 . Our purpose here is not to examine the evidence for the different estimates, but simply to relate X to J 2 , whatever the latter might be. A time-dependent quadrupole moment J 2 has also been suggested, 25 possibly varying with the sunspot cycle.
Using Eq. (18) in the equatorial plane and differentiating to obtain the force gives kf ðrÞ ¼ ð3=2ÞJ 2 r 2 s u 2 . Again, the series in Eq. (15) has only one term
Putting this into the formalism of Sec. II then gives, in the case of Mercury,
For currently accepted "low" values of J 2 , this contribution is very small compared to that of GR, but a derivation such as that presented here is still needed to establish this fact.
V. PLANETARY PERTURBATIONS A. Ring model
In the ring model, 21, 22 the mass M i of each planet 36 i ¼ 2; 3; …; 8 is "smeared out" into its orbit, assumed to be a circle of radius R i centered at the Sun and coplanar with the orbit of Mercury. Following Price and Rush, 21 R i is taken to be the semi-major axis a i . Other choices are equally plausible, but the difference is negligible. For example, if R i is taken to be the semi-latus rectum r i or
(e i is the eccentricity of the orbit of each perturbing planet), the final result would increase by only 0.27% or 0.07%, respectively. [Although these ambiguities of order e 2 i are small, the same cannot be said of terms of order e 2 , e.g., in Eq. (15) .]
The potential due to this ring at radius r in the orbital plane is
where in polar coordinates r 0 ¼ ðR i ; h ¼ p=2; uÞ, and a formal small parameter k is again inserted. Without loss of generality, assume r is on the x-axis so that
where
and Kðn i Þ is the complete elliptical integral of the first kind. 37 Expanding Kðn i Þ in powers of n i gives
which can also be obtained by expanding the integrand in Eq. (22) and integrating term by term, without involving the elliptic integral. Here n i < 1; for perturbation by a hypothetical inner planet (Vulcan), 27 the expansion should be carried out in n , so by comparison with the usual spherical harmonic expansion of jr À r 0 j À1 in angular momentum indices ð'; mÞ, it is recognized that ' ¼ 2n.
Thus each planet contributes to the force in Eq. (2) an amount
and to kf ðrÞ an amount
Defining the Taylor coefficients f ðiÞ k as in Eq. (9) and using Eqs. (15) and (26), one obtains a solution for X, exact to first order in the perturbation (i.e., in k or M i =M), as a triple sum
Because all functions such as f i ðrÞ are expanded about r ¼ r, the quantity n i defined in Eq. (23) should henceforth be evaluated at n i ¼ r=R i .
To make sense of the large number of terms, one can assign a weight to each:
where, referring to Eq. (27) ,
The largest weights (W 0 % 3 Â 10 À7 ) are associated with the leading terms (a ¼ 3, b ¼ 0) for Venus and Jupiter; each contributes $100 arcsec/century to X. Truncating at W < 10 À3 W 0 , only 29 terms survive (respectively, 12, 7, 3, 4, 2, 1, 0 terms for the 7 planets).
The resultant contributions to X are shown in column (b) of Table I , with a total X ¼ 554 arcsec/century, 4% higher than the accepted value. The contributions of Uranus and Neptune are negligible. Column (a) of Table I is due to Price and Rush 21 and is explained below.
B. Discussion
Price and Rush 21 solved the ring model with two additional and unnecessary approximations. First, they assume n i is small, resulting in a closed but inexact expression for the perturbing force
agreeing with Eq. (25) only to first order in n i ; the leading relative error is n 2 i =8 $ 3% in the case of Venus. Second, their calculation is accurate only to lowest order in e.
38 For any perturbing force F(r), the result in the second unnumbered equation below their Eq. (20) agrees exactly with the f 1 term in our Eq. (15) . In fact, the analog to Eq. (27) 
to account for the difference between Eqs. (25) and (29) . Under the assumption 21 of a nearly circular Mercury orbit, it is somewhat arbitrary whether one takes the radius to be the semi-major axis a (n i ¼ a=R i ) or the semi-latus rectum r (n i ¼ r=R i ). The difference is $12% in n Column (a) shows the results reported in Price and Rush, 21 evaluated using n i ¼ a=R i and giving X ¼ 531:1 arcsec/century. (Actually X ¼ 531:9 arcsec/century is quoted; 21 The same ring model was also solved by Stewart, 22 using the Laplace-Runge-Lenz (LRL) vector. The evaluation is carried out to all orders in e, so it does not matter that the formalism is referenced to a rather than r.
39 Our result essentially agrees with Stewart's (555.8 arcsec/century). Within the ring model, the two approaches are complementary. The LRL vector is more elegant but less accessible to students and also requires the numerical evaluation of an integral; our approach is more elementary and the result in Eq. (27) is in closed form (though as an infinite summation).
The ring model itself suffers from three further errors. First, the eccentricities of the orbits of the perturbing planets lead to corrections of Oðe i Þ.
40 Second, these orbits are tilted from the Mercury orbit by some angle v i . And third, the perturbing planets are moving in their orbits. Stewart 22 has shown that the first two effects reduce X by 4.4%, giving excellent agreement with the usually quoted figure of 532 arcsec/century. That calculation is unavoidably complicated because of the geometry, and will not be further discussed here.
In anticipation of the time-dependent corrections (Sec. VI), it is useful to explain the leading indices a ¼ 3, b ¼ 0 for the time-independent case in Eq. (28) . First, a ¼ ' þ 1. The ' ¼ 0, a ¼ 1 monopole term is equivalent to changing the solar mass, which does not cause an advance of perihelion. The ' ¼ 1, a ¼ 2 dipole contribution vanishes by the symmetry of the ring; thus the leading term is ' ¼ 2, a ¼ 3. In the time-dependent treatment, when the perturbing planet is at a particular position on the ring, symmetry is destroyed and the dipole term will contribute with a ¼ 2.
To understand the powers of e, first note that the effect of the perturbing force goes as kf 1 , i.e., variations of kf , which can be sampled only if there is a nonzero e; thus g 1 ¼ OðeÞ. This perturbation in modifying the second term in u 0 ð/Þ ¼ r À1 ð1 þ e cos /Þ is therefore of order g 1 =e [see Eq. (10)], so X goes as e 0 . Again, the situation is different in the timedependent case. When the perturbing planet is at a particular position on the ring, symmetry is broken and Mercury would experience a nonzero effect even if its orbit were circular. Therefore the force expression (analogous to g 1 ) starts at e 0 and X starts at e À1 , i.e., b ¼ À1. Thus, a ¼ 2 and b ¼ À1 terms will appear in the timedependent case because symmetry is broken. In particular, because the leading term goes as n 2 i rather than n 3 i , Uranus and Neptune will turn out to be important, even though they are negligible in the ring model. A key parameter is the ratio of orbital periods
VI. TIME-DEPENDENT CONTRIBUTIONS
A. Derivation
between Mercury (T) and the perturbing planet (T i ). The phase in the exponential in Eq. (31) is
In addition, various periodic functions such as ð1 þ e cos /Þ À'
in r ' all combine into WO functions that can be decomposed into harmonics e Àin/ , so that apart from a constant, the overall phase goes as
If q i is (nearly) rational, then for certain integer pairs ðm; nÞ, l is (nearly) zero and the perturbing potential goes (nearly) as e i/ , which will cause a (nearly) secular response. Assuming q i to be not exactly rational, this leads to two important and complementary conclusions. On one hand, theoretically, these time-dependent terms do not contribute to the secular rate of advance-on an infinite time scale, the average value is zero. On the other hand, over finite time windows nearly resonant terms cannot in practice be distinguished from truly secular terms.
Each term in the four-fold summation (over planets i, angular momenta '; m, and the harmonic components n of the WO functions) is again associated with a weight W as in Eq. (28), with a ¼ ' þ 1 ! m þ 1 and b ¼ n À 1. We impose three conditions: (a) the weight should not be too small, e.g., W ! 10 À3 W 0 ; (b) the time-dependence is close to resonance, e.g., jlj < 5 Â 10 À3 (the resultant sinusoidal variations have periods longer than 50 years); and (c) the sum ' þ m should be even because D ';m vanishes otherwise. Then only two terms remain, due to Uranus and Neptune (see Table II) , each giving a time-dependent rate of advance
where / i is the azimuthal position of planet i at the time (measured from the perihelion of Mercury). 43 The sinusoidal terms have periods (namely, the orbital periods T i of the perturbing planets) 84 years and 165 years, respectively, and large amplitudesX i ¼ 21:2 and 10.3 arcsec/century. Note that l is involved (schematically) in the combination sinðl/Þ=l [cf. Eq. (B9)], which for small l becomes a linear term from which l disappears.
Incidentally, because the two surviving terms have m ¼ 1, n ¼ 0, Eq. (34) shows that l ¼ Àq i , so the condition jlj ( 1 translates to q i ¼ x i =x ( 1. Therefore these terms can be evaluated by a much simpler quasi-static calculation, in which between two perihelions of Mercury the perturbing planet is assumed to be at a fixed position / i .
B. Comparison of terms
The leading time-dependent terms (a ¼ 2, b ¼ À1) are larger than those with a ¼ 3, b ¼ 0 in the ring model, because symmetry is broken. Nevertheless, most terms have larger values of jlj; their effects can be identified and removed from data covering say at least 50 years. 44 For Uranus and Neptune, the next important term would have n ¼ 1, with an extra power of e. In addition, to have a small l, m would then have to be 2 and therefore ' ! 2, a ! 3, giving an extra power of n i . Altogether, the next term is reduced by a factor of en i $ 4 Â 10 À3 (the numerical value referring to Uranus) and can be ignored. This is the reason why we may take e ¼ 0 in the calculation in Appendix B.
C. Time averaging
The large oscillatory terms can be suppressed if data are averaged over a time Dt, so that the factors cos / i are replaced by their averages, and the effective amplitudes becomeX i ! ðsin c i =c i ÞX i , where c i ¼ pDt=T i . Using a window of 100 years, the two leading terms in Table II have amplitudes -3.2 and 5.1 arcsec/century, still by no means negligible. Of course, it is possible to remove such sinusoidal terms more effectively by fitting the data.
Therefore the advance of perihelion caused by planetary perturbations (imagining other effects to be turned off) during a century is not the figure of 532 arcsec often quoted, but depends, to the tune of a few arcsec, on which period one is talking about.
VII. CONCLUSION
A formalism has been developed for evaluating the precession of a Keplerian orbit (e.g., Mercury) due to an axially symmetric static perturbation. This formalism, solved to first order in the perturbation (but with no other approximations), provides a unified platform for discussing general relativity (GR), the solar quadrupole moment, and the perturbation of the other planets in a ring model. This solution for the ring model improves upon the work of Price and Rush; 21 the result agrees with that of Stewart 22 using the LRL vector, and with the usually quoted value to about 4%, a difference well accounted for by the eccentricities and departures from coplanarity of the orbits of the perturbing planets. 22 In a more general model, the perturbing planets move in coplanar circular orbits. An angular momentum analysis reveals that the m ¼ 0 terms exactly recover the static ring model, so that the other terms provide the time-dependent corrections. Provided the ratios of orbital periods are not rational, all these terms lead to rates of advance that are sinusoidal in time. In theory, these are distinguishable from a secular advance, but in practice, terms with periods comparable to the observational window (say 50 to 100 years) must be considered. Only two such terms have significant amplitudes and they can be identified with the quasi-static perturbations due to Uranus and Neptune. Even when averaged over a century, the effects are, surprisingly, still at the level of a few arcsec/century. In the planetary problem, all terms contribute as ðM i =MÞðr=R i Þ a e b , where M is the mass of the Sun, the perturbing planet i has mass M i and orbital radius R i , and the orbit of Mercury has radius r and eccentricity e. The leading time-dependent contributions have values of a and b that are each one unit less than the corresponding values for the ring model; thus Uranus and Neptune have significant timedependent effects even though they make negligible contributions in the ring model. The difference in the indices comes about because the ring model has axial symmetry, whereas a moving perturbing mass does not.
The approximation of circular orbits lends itself naturally to a frequency-domain analysis, in which secular terms and long-period oscillations are conceptually distinguished. In the time domain (including analysis of observational data), the two components could be confused unless the time window is at least several centuries. This potential pitfall does not afflict modern treatments based on fitting numerical solutions to observational data.
The formalism and results in this paper help to close the pedagogical gap in treatments of the advance of perihelion as a test of GR. In terms of pedagogy, the material can be presented at three levels: (a) the axially symmetric static model and keeping only f 1 in Eq. (15); (b) the same model keeping all f k ; and (c) including time-dependent contributions. The first and possibly the second of these, at least, should be accessible to students of GR.
The general result keeping only f 1 is, apart from notation, the same as that given by Adkins and McDonnell 29 in their Sec. II. For larger eccentricities, their result in Sec. III is expressed as an integral, whereas ours is expressed as a power series in ðe=2Þ 2 . Chashchina and Silagadze 46 have also derived the precession as an integral, by considering the Hamilton vector that is perpendicular to the Runge-Lenz vector. Our result may be more convenient for numerical evaluation, especially since e is small. Schmidt 30 has given an expression for the advance of perihelion, valid for arbitrary radial force fields F but small e; converted to our notation, his result reads
To compare to our result, let F be an inverse-square field perturbed by the additional force in Eq. (2), and evaluate Eq. (36) to first order in k; a straightforward computation recovers Eq. (3). Beyond the common domain of validity (k and e both small), our result is valid for small k and any e, whereas Schmidt's 30 is valid for small e and any k (if k is not regarded as a formal small parameter, then with the additional force in Eq. (2), the total force F is entirely arbitrary); each is therefore useful in a different situation. For the planetary problems under discussion here, k $ 10 À7 whereas e $ 0:1, so our formalism is the relevant one.
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The actual solution consists of many such terms, in a fourfold sum involving i; '; m; n. Fortunately, most terms can be dropped on account of the combination of several requirements:
Weight. Each term contributes to X with a weight W given by Eq. (28), now with a ¼ ' þ 1 and b ¼ n À 1. [The latter is shifted by one unit on account of the prefactor ð1=eÞ in Eq. (B11).] If we require W ! 10 À3 W 0 , then 140 sets of ði; '; nÞ values remain-roughly four times as many as in the corresponding time-independent case, because a need not be odd and b need not be even.
Oscillatory period. Assume (somewhat arbitrarily) that all observations of X are made over periods >50 years, or >200 orbital periods for Mercury. In this case only jlj < 5 Â 10 À3 need be considered, and only four sets of ði; '; nÞ values remain; moreover, for each of these, at most one value of m will make jlj small.
Other conditions. Only those terms with ' þ m even will contribute.
Only two terms remain (Table II) . Both have n ¼ 0, and this result has been anticipated and used to simplify many intermediate expressions. The rest of the calculation is shown in Sec. VI. 
